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SHORT MATURITY ASIAN OPTIONS IN LOCAL VOLATILITY
MODELS
DAN PIRJOL AND LINGJIONG ZHU
Abstract. We present a rigorous study of the short maturity asymptotics for Asian
options with continuous-time averaging, under the assumption that the underlying asset
follows a local volatility model. The asymptotics for out-of-the-money, in-the-money, and
at-the-money cases are derived, considering both fixed strike and floating strike Asian
options. The asymptotics for the out-of-the-money case involves a non-trivial variational
problem which is solved completely. We present an analytical approximation for Asian
options prices, and demonstrate good numerical agreement of the asymptotic results with
the results of Monte Carlo simulations and benchmark test cases in the Black-Scholes
model for option parameters relevant in practical applications.
1. Introduction
Asymptotics of the option prices, and implied volatility for short maturity European
options have been extensively studied in the literature, see e.g. [4, 29, 30, 19, 8] for the
local volatility models, [22, 46, 3, 18, 43] for the exponential Le´vy models and [5, 36, 25,
20, 21, 23, 1] for the stochastic volatility models and [28, 40] for model-free approaches.
To the best of our knowledge, the short maturity Asian options have been much less
studied. Unlike the European options, the Asian options do not have a simple closed-form
formula even in the Black-Scholes model. That is why in financial industry, the Asian
options are quoted by price rather than implied volatility. In this paper, we study the
short maturity asymptotics for the price of the Asian options under the assumption that
the underlying asset price follows a local volatility model. We obtain analytical results for
the short maturity asymptotics of Asian options in the local volatility model, and more
explicit results in the case of the Black-Scholes model. We define and study the implied
volatility of an Asian option in the short maturity limit.
Let us assume that the stock price follows a local volatility model:
(1) dSt = (r − q)Stdt+ σ(St)StdWt, S0 > 0,
where Wt is a standard Brownian motion, r ≥ 0 is the risk-free rate, q ≥ 0 is the continuous
dividend yield, σ(·) is the local volatility and the log-stock price process Xt = logSt
satisfies
dXt =
(
r − q − 1
2
σ2(eXt)
)
dt+ σ(eXt)dWt .
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We assume that the local volatility function σ(·) satisfies
0 < σ ≤ σ(·) ≤ σ <∞,(2)
|σ(ex)− σ(ey)| ≤M |x− y|α,(3)
for some fixed M,α > 0 for any x, y and 0 < σ < σ <∞ are some fixed constants.
The price of the Asian call and put options with maturity T and strike K are given by
C(T ) := e−rTE
[(
1
T
∫ T
0
Stdt−K
)+]
,(4)
P (T ) := e−rTE
[(
K − 1
T
∫ T
0
Stdt
)+]
,(5)
where C(T ) and P (T ) emphasize the dependence on the maturity T .
When S0 < K, the call option is out-of-the money and C(T ) → 0 as T → 0 and when
S0 > K, the put option is out-of-the money and P (T )→ 0 as T → 0. When S0 = K, i.e.
at-the-money, both C(T ) and P (T ) tend to zero as T → 0. We are interested to study
the first-order approximations of the call and put prices as T → 0. It turns out that the
asymptotics for out-of-the-money case are governed by the rare events (large deviations)
and the asymptotics for at-the-money case are governed by the fluctuations about the
typical events (Gaussian fluctuations).
There are numerous works in the mathematical finance literature studying the pricing
of Asian options. The pricing under the Black-Scholes model has been studied in [31, 7,
14, 39], using a relation between the distributional property of the time-integral of the
geometric Brownian motion and Bessel processes. See [16] for an overview, and [27] for
a comparison with alternative simulation methods, including the Monte Carlo approach.
A popular method, which has the advantage of wider applicability to other models, is the
PDE approach [37, 42, 49, 50]. The resulting PDE can be solved either numerically [49, 50],
or can be used to derive analytical approximation formulae using asymptotic expansion
methods. Such results have been obtained in [26] in the local volatility model, and in [11]
in the CEV model. The paper [26] used heat kernel expansion methods and developed
approximate formulae expressed in terms of elementary functions for the density, the price
and the Greeks of path dependent options of Asian style. Asymptotic expansion leading
to analytical approximations with error bounds for Asian options have been obtained also
using Malliavin calculus in [45, 32].
Most of the literature on Asian options in the Black-Scholes model, i.e., σ(·) ≡ σ, [31,
7, 39] exploits the well-known result [16, 13] that the integral of the geometric Brownian
motion
∫ T
0 e
(r−q− 1
2
σ2)t+σWtdt has the same distribution as Xt, where
(6) dXt =
[
(r − q) + 1
Xt
]
Xtdt+ σXtdBt, X0 = 0,
where Bt is a standard Brownian motion. The price of the Asian call and put options can
thus be computed as
(7) C(T ) = e−rT
1
T
E[(S0XT − TK)+], P (T ) = e−rT 1
T
E[(TK − S0XT )+].
For the readers who are familiar with the large deviations for small time diffusion processes,
one may na¨ıvely believe that the small time asymptotics of XT as T → 0 is comparable
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with the SDE without the drift term, i.e., dX˜t = σX˜tdB˜t and hence the asymptotics
for the short maturity Asian options for the Black-Scholes model are the same as for
their European counterpart. We will show in this paper that this is indeed not the case.
Intuitively, when X˜t starts at zero at time zero then X˜t remains zero for any time t. Even
though Xt also starts at zero at time zero, it is kicked to a positive value immediately
after the time zero. In that respect, the two processes are not absolutely continuous
with respect to each other. Therefore, one cannot use the Girsanov theorem to kill the
drift term and claim that Xt process has the same small time asymptotics as a geometric
Brownian motion. Also, the formulas (6), (7) are valid only for the Black-Scholes model,
and this approach does not shed much insight into the more general local volatility case.
In this paper, we will use large deviations theory for small time diffusion processes. The
key observation is that one can apply the contraction principle to get the corresponding
large deviations for the small time arithmetic average of the diffusion process, and hence
obtain rigorously the asymptotic behavior for the out-of-the-money Asian call and put
options. The asymptotic exponent is given as the rate function from the large deviation
principle, which itself is a complicated and not-so-obvious variational problem. We will
manage to solve this variational problem completely and give a semi-analytical solution in
the end. The asymptotics for in-the-money case follows easily by the put-call parity. We
will also obtain the asymptotics for at-the-money short maturity Asian options. Unlike
the out-of-the-money case, the asymptotics for at-the-money short maturity has Gaussian
fluctuations.
Most of the existing methods for pricing Asian options are numerically less efficient
in the limit of small maturities and small volatilities. For the case of the Asian options
under the Black-Scholes model this has been noted in the Geman-Yor method [31, 7],
where the inversion of a Laplace transform requires special care for small maturities [44,
27, 14]. A similar issue appears in the spectral method [39]. This issue is not present in
methods based on asymptotic expansions [26] which perform well under small maturities
and volatility conditions. The small time expansion presented in this paper is of practical
interest as it complements some of the alternative approaches in a region where their
numerical performance is less efficient.
The paper is organized as follows. In Section 2, we present asymptotics for out-of-the-
money (OTM), in-the-money (ITM) and at-the-money (ATM) Asian options in a local
volatility model for short maturities. The asymptotics for OTM Asian options involve a
not-so-trivial variational problem, whose solution will be given in Section 3, which has a
more explicit expression in the case of Black-Scholes models. The implied volatility and
numerical tests will be discussed in Section 4. The asymptotics for short maturity floating
strike Asian options will be provided in Section 5. Finally, the proofs will be given in
Section 6.
2. Asymptotics for Short Maturity Asian Options
Let us recall that the stock price follows a local volatility model:
(8) dSt = (r − q)Stdt+ σ(St)StdWt, S0 > 0,
where Wt is a standard Brownian motion, r ≥ 0 is the risk-free rate, q ≥ 0 is the continuous
dividend yield, σ(·) is the local volatility satisfying (2) and (3). We are interested in the
short maturity limits, i.e., the asymptotics as T → 0.
4 DAN PIRJOL AND LINGJIONG ZHU
2.1. Out-of-the-Money and In-the-Money Asian Options. We denote the expec-
tation of the averaged asset price in the risk-neutral measure as
(9) A(T ) :=
1
T
∫ T
0
E[St]dt = S0
1
(r − q)T (e
(r−q)T − 1) ,
for r − q 6= 0 and A(T ) := S0 for r − q = 0, When K > A(T ), the call Asian option is
out-of-the-money and C(T ) → 0 as T → 0. When A(T ) > K, the put Asian option is
out-of-the-money and P (T )→ 0 as T → 0.
Remark 1. The prices of call and put Asian options are related by put-call parity as
C(K,T )− P (K,T ) = e−rT (A(T )−K) .(10)
Notice that as T → 0, A(T ) = S0 + O(T ). Therefore, for the small maturity regime,
the call Asian option is out-of-the-money if and only if K > S0 etc. And for the rest of
the paper, the call Asian option is said to be out-of-the-money (resp. in-the-money) if
K > S0 (resp. K < S0), and the put Asian option is said to be out-of-the-money (resp.
in-the-money) if K < S0 (resp. K > S0), and finally they are said to be at-the-money if
K = S0.
2.2. Short maturity out-of-the-money Asian options. We will use large deviations
theory to compute the leading order approximation at T → 0 for the price of the out-of-
the-money Asian options.
Theorem 2. Assume that (2) and (3) both hold.
(i) For out-of-the-money call Asian options, i.e., K > S0,
(11) C(T ) = e−
1
T
I(K,S0)+o( 1T ), as T → 0.
(ii) For out-of-the-money put Asian options, i.e., K < S0,
(12) P (T ) = e−
1
T
I(K,S0)+o( 1T ), as T → 0.
where for any S0,K > 0,
(13) I(K,S0) := inf∫ 1
0 e
g(t)dt=K
g(0)=logS0,g∈AC[0,1]
1
2
∫ 1
0
(
g′(t)
σ(eg(t))
)2
dt,
where AC[0, 1] is the space of absolutely continuous functions on [0, 1].
The variational problem in (13) will be solved completely in Proposition 8.
Remark 3. The small maturity asymptotics given by Theorem 2 and the rate function
I(K,S0) are independent of the interest rate r and dividend yield q. These quantities
contribute only to subleading order in the T → 0 expansion. This is analogous to the well-
known BBF result for the small maturity European options in the local volatility model [4],
which is also independent of r, q.
Remark 4. For at-the-money case, i.e. K = S0, by letting g(t) ≡ 0 in (13), we see that
I(K,S0) = 0. Indeed, Theorem 6 will give more precise asymptotics for at-the-money
short maturity Asian options.
The asymptotics for short-maturity in-the-money Asian call and put options can be
obtained as a corollary of the results for out-of-the-money case in Theorem 2 by a simple
application of the put-call parity.
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Corollary 5. Assume that (2) and (3) both hold.
(i) For in-the-money call Asian options, i.e., K < S0,
(14) C(T ) = S0 −K − 1
2
(r + q)S0T +KrT +O(T
2), as T → 0.
(ii) For in-the-money put Asian options, i.e., K > S0,
(15) P (T ) = K − S0 + 1
2
(r + q)S0T −KrT +O(T 2), as T → 0.
2.3. At-the-Money Asian Options. When K = S0, the Asian call and put options are
at-the-money. We have the following result:
Theorem 6. Assume that the function σ(s)s and σ(s) are uniformly Lipschitz, i.e., there
exist α, β > 0, such that for any x, y ≥ 0,
(16) |σ(x)x− σ(y)y| ≤ α|x− y|, |σ(x)− σ(y)| ≤ β|x− y|.
(i) When K = S0, as T → 0,
(17) C(T ) = σ(S0)S0
√
T√
6pi
+O(T ).
(ii) When K = S0, as T → 0,
(18) P (T ) = σ(S0)S0
√
T√
6pi
+O(T ).
Remark 7. Comparing Theorem 6 with Theorem 2, we see that the asymptotics for out-of-
the-money short maturity Asian options are governed by the rare events (large deviations),
while the asymptotics for at-the-money short maturity Asian options are governed by the
fluctuations about the typical events (Gaussian fluctuations).
3. Variational Problem for Short-Maturity Asymptotics for Asian Options
We present in this section the solution of the variational problem for the short-time
asymptotics of the out-of-the-money Asian options given by Theorem 2. The solution is
given by the following result.
Proposition 8. The rate function I(K,S0) appearing in Theorem 2 is given by
(19) I(K,S0) =
{
1
2F
(+)(h1)G
(+)(h1) K ≤ S0 ,
1
2F
(−)(f1)G(−)(f1) K ≥ S0 .
The two cases are as follows:
(i) K ≤ S0. h1 ≥ 0 is the solution of the equation
(20)
K
S0
− e−h1 = G
(+)(h1)
F (+)(h1)
,
with
G(+)(h1) =
∫ h1
0
1
σ(S0e−y)
√
e−y − e−h1dy,(21)
F (+)(h1) =
∫ h1
0
1
σ(S0e−y)
1√
e−y − e−h1 dy .(22)
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(ii) K ≥ S0. f1 ≥ 0 is given by the solution of the equation
(23) ef1 − K
S0
=
G(−)(f1)
F (−)(f1)
,
with
G(−)(f1) =
∫ f1
0
1
σ(S0ey)
√
ef1 − eydy,(24)
F (−)(f1) =
∫ f1
0
1
σ(S0ey)
1√
ef1 − ey dy .(25)
We would like to further study the properties of the rate function I(K,S0). In partic-
ular, we will show that for a general local volatility model, the rate function I(K,S0) is
continuous in K and it is increasing in K for K > S0 and decreasing in K for K < S0.
This is based on an alternative representation of the rate function.
Proposition 9. (i) For K > S0 the rate function I(K,S0) is given by
(26) I(K,S0) = inf
ϕ>K/S0
1
2
(G(−)(ϕ))2
ϕ− KS0
,
where we denoted
(27) G(−)(ϕ) =
∫ ϕ
1
√
ϕ− z
zσ(S0z)
dz , ϕ ≥ 1 .
(ii) for K < S0 the rate function I(K,S0) is given by
(28) I(K,S0) = inf
0<χ<K/S0
1
2
(G(+)(χ))2
K
S0
− χ ,
where we denoted
(29) G(+)(χ) =
∫ 1
χ
√
z − χ
zσ(S0z)
dz , 0 < χ ≤ 1 .
Remark 10. In the formulation in Proposition 9, we can see that the rate functions given
in (26) and (28) are indeed continuous in the parameter K.
Using the result of Proposition 9 we can also prove that:
Proposition 11. The rate function I(K,S0) is a monotonically increasing function of K
for K > S0 and monotonically decreasing function of K for K < S0.
3.1. Black-Scholes Model. In the Black-Scholes model the volatility is constant σ(S) =
σ. The expression for the rate function I(K,S0) simplifies and is given by the following
result.
Proposition 12. The rate function for small maturity asymptotics for Asian options in
the Black-Scholes model is
(30) IBS(K,S0) = 1
σ2
JBS(K/S0),
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Figure 1. Plots of the functions in (26), (28) in the Black-Scholes model
with σ = 1 for K/S0 = 0.7, 0.8, 0.9 (left) and K/S0 = 1.1, 1.2, 1.3 (right).
The infimum of the function gives the rate function in the BS model.
where JBS(K/S0) depends only on the ratio K/S0 and is given by
(31) JBS(K/S0) =
{
1
2β
2 − β tanh
(
β
2
)
K ≥ S0
2ξ(tan ξ − ξ) K ≤ S0
.
For K ≥ S0, β is the solution of the equation
(32)
1
β
sinhβ =
K
S0
,
and for K ≤ S0, ξ is the solution in the interval [0, pi2 ] of the equation
(33)
1
2ξ
sin(2ξ) =
K
S0
.
We note that the two equations (32) and (33) can be written in a common form as
1
z sin z = K/S0 by denoting z = 2ξ = iβ. With this notation, the rate function is
JBS(K/S0) = z tan(12z) − 12z2. We computed the function JBS(K/S0) numerically, and
the plot of this function is shown in Figure 2.
We would like to find the series expansion of the Black-Scholes rate function JBS(K/S0)
around the ATM point K/S0 = 1. The solutions of the equations for β, ξ can be found
by inverting the series in k := KS0 − 1 for (32) and (33). Substituting into (31) we find the
expansion of the rate function
(34) JBS
(
K
S0
)
=
3
2
k2 − 9
5
k3 +
333
175
k4 − 1704
875
k5 +O(k6) .
A similar expansion can be derived in powers of the log-strike x := log(K/S0)
(35) JBS
(
K
S0
)
=
3
2
x2 − 3
10
x3 +
109
1400
x4 − 117
7000
x5 +O(x6) .
Figure 2 (right plot) shows the approximations for the rate function JBS(K/S0) obtained
by keeping the first few terms in the series expansion (35). Keeping the first four terms
in the expansion (35) matches the exact result for the rate function to an accuracy better
than 1.2% for x = log(K/S0) ∈ (−1.6, 1.5).
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0
Figure 2. The rate function JBS(K/S0) for the Asian options in the
Black-Scholes model. This is related to IBS(K,S0) as in (30). Left:
JBS(K/S0) vs. K/S0. Right: the function JBS(K/S0) vs. x = log(K/S0)
(black) and the Taylor series obtained by keeping terms up to O(x3)
(dashed red) and O(x4) (dotted blue) in (35).
Next we consider the large/small-strike asymptotics of the rate function JBS(K/S0).
This is given by the following result.
Proposition 13. We have
JBS
(
K
S0
)
=
{ 1
2x
2 + x log(2x)− x+ 3 log2(2x)− 2 log(2x) +O(x−1) , K →∞
2e−x − 2− pi22 +O(ex) , K → 0
(36)
with x = log(K/S0) the log-strike.
3.2. General local volatility model. The rate function I(K,S0) for the general local
volatility function σ(S) is given by Proposition 8. We give next an explicit result for the
first three terms in the series expansion of I(K,S0) in powers of log-strike x = log(K/S0).
Proposition 14. The first three terms in the series expansion of the rate function I(K,S0)
given by Proposition 8 in powers of log-strike x = log(K/S0) are
I(K,S0) = 1
b21
{
3
2
x2 +
(
− 3
10
− 18
5
b2
b21
)
x3(37)
+
(
109
1400
+
117
175
b2
b21
+
1872
175
b22
b41
− 162
35
b3
b31
)
x4 +O(x5)
}
.
The coefficients bi depend on the local volatility function σ(S), and are given by
(38) Y (z) = Z−1(z) =
∞∑
i=1
biz
i ,
which is the inversion of the power series for the function
(39) Z(y) =
∫ y
0
dw
σ(S0ew)
=
∞∑
i=1
aiy
i,
where we assumed that the local volatility function σ(S) is sufficiently regular such that all
the required derivatives exist and are finite. In particular the expansion (37) requires that
σ(S) is twice differentiable.
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Remark 15. For the Black-Scholes model we have σ(S) = σ which gives Z(y) = 1σy and
thus Y (z) = σz. This gives b1 = σ and bj = 0 for j > 1. This recovers the expansion of
the rate function in the Black-Scholes model given in equation (35).
Corollary 16. Assume that σ(·) is twice differentiable. The expansion (37) of the rate
function I(K,S0) for Asian options in the local volatility model (1) with local volatility
function σ(S) is given in a more explicit form as
I(K,S0) = 1
σ2(S0)
{
3
2
x2 +
(
− 3
10
− 9
5
S0
σ′(S0)
σ(S0)
)
x3(40)
+
(
109
1400
− 153
350
S0
σ′(S0)
σ(S0)
+
333
175
S20
(
σ′(S0)
σ(S0)
)2
− 27
35
S20
σ′′(S0)
σ(S0)
)
x4 +O(x5)
}
.
This is obtained by noting that the coefficients ai can be obtained by taking derivatives
with respect to y of (39) at y = 0. We get
a1 =
1
σ(S0)
,(41)
a2 = −1
2
S0
σ′(S0)
σ2(S0)
,(42)
a3 = −1
6
S0
σ′(S0)
σ2(S0)
+
1
3
S20
[σ′(S0)]2
σ3(S0)
− 1
6
S20
σ′′(S0)
σ2(S0)
.(43)
Inverting the Taylor series (39) we find the coefficients bi:
b1 =
1
a1
= σ(S0) ,(44)
b2 = −a2
a31
=
1
2
S0σ
′(S0)σ(S0) ,(45)
b3 =
2a22
a51
− a3
a41
=
1
6
S20 [σ
′(S0)]2σ(S0) +
1
6
S0σ
′(S0)σ2(S0) +
1
6
S20σ
′′(S0)σ2(S0) .(46)
Substituting into (37) we obtain the result (40) for the rate function of the Asian option
in the LV model to order O(x3), expressed only in terms of the ATM local volatility and
its derivatives.
4. Implied Volatility and Numerical Tests
Implied volatility for European options was extensively studied in the mathematical
finance literature. Due to the lack of a simple closed-form formula as in the Black-Scholes
model for European options, the implied volatility for Asian options was much less studied.
Our work on the short maturity asymptotics for the price of the Asian options for local
volatility models can shed some light on the short maturity implied volatility for the Asian
options.
4.1. Implied Volatility. The implied volatility σimplied is defined as the constant volatil-
ity which must be used in the Black-Scholes model for the Asian option such that its price
matches that of the Asian option in the local volatility model. That is, we must have
(47) CBS(K,S0, σimplied, T ) = C(K,S0, T ),
10 DAN PIRJOL AND LINGJIONG ZHU
where C(K,S0, T ) = e
−rTE[( 1T
∫ T
0 Stdt −K)+], where St satisfies the dynamics (1) with
the local volatility σ(·) and CBS(K,S0, σimplied, T ) = e−rtE[( 1T
∫ T
0 Stdt −K)+], where St
satisfies the dynamics (1) with σ(·) ≡ σimplied.
The fact that the implied volatility for an Asian option is well defined is not a triv-
ial fact. It follows from the fact that the Vega of an Asian option in the Black-Scholes
model is always positive, which was proved in Carr et al. [6], and hence, if one con-
siders its price as a function of the volatility, the inverse of this function exists. As
the volatility parameter σ is increased from zero to infinity, the price of an out-of-
the-money Asian option goes from CBS(K,S0, 0, T ) = e
−rT
(
1
T
∫ T
0 S0e
(r−q)tdt−K
)+
to
CBS(K,S0,∞, T ) = e−rT 1T
∫ T
0 S0e
(r−q)tdt. Hence, the implied volatility σimplied is well
defined. Note that it is trivial to see CBS(K,S0, 0, T ) = e
−rT
(
1
T
∫ T
0 S0e
(r−q)tdt−K
)+
but the statement CBS(K,S0,∞, T ) = e−rT 1T
∫ T
0 S0e
(r−q)tdt is less trivial and we will give
a rigorous proof of this statement in Proposition 32 in the Appendix.
¿From Theorem 2 for out-of-the-money Asian options, we can obtain the short-maturity
limit of the implied volatility σimplied. For simplicity, we only give a proof for the case
r = q = 0. We expect the same result holds for general r, q.
Proposition 17. Assume r = q = 0 and (2) and (3) hold.
(i) The T → 0 limit of the implied volatility of out-of-the-money Asian options in the
local volatility model (1) is given by
(48) lim
T→0
σ2implied(K,S0, T ) =
JBS(K/S0)
I(K,S0) ,
where I(K,S0) is given in Proposition 8 and JBS(K/S0) is given in Proposition 12.
(ii) Under the same assumptions on σ(·) as in Theorem 6, the T → 0 limit of the
implied volatility of at-the-money Asian options in the local volatility model (1) is given
by
(49) lim
T→0
σimplied(K,S0, T ) = σ(S0).
4.2. Equivalent Black-Scholes and Bachelier Volatility of Asian Options. One
can define an equivalent Black-Scholes volatility of an Asian option, as that value of the
volatility for which the Black-Scholes price of an European (vanilla) option with maturity
T and underlying value A(T ) reproduces the price of the Asian option with the same
maturity T . We will denote this volatility as ΣLN(K,S0, T ). We have thus
C(K,S0, T ) = e
−rT [A(T )Φ(d1)−KΦ(d2)](50)
P (K,S0, T ) = e
−rT [KΦ(−d2)−A(T )Φ(−d1)]
where A(T ) is given in (9) and d1,2 =
1
ΣLN
√
T
(log(A(T )/K) ± 12Σ2LNT ). We remark that
this is a natural definition since A(T ) is the forward price of the underlying of the Asian
option E[ 1T
∫ T
0 Stdt]. Using (50) ensures that put-call parity for Asian options (10) holds;
this would not hold for example if one used S0 instead of A(T ). The relation (50) also
reproduces correctly the price of an Asian call option with zero strike K = 0: C(0, S0, T ) =
e−rTE[ 1T
∫ T
0 Stdt] = e
−rTA(T ). A similar equivalent normal volatility ΣN(K,S0, T ) of an
Asian option can be defined in terms of the Bachelier option pricing formula.
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The equivalent log-normal volatility ΣLN defined as in (50) exists for any Asian call
option price C(K,S0, T ) satisfying the bounds (A(T ) − K)+ ≤ erTC(K,S0, T ) ≤ A(T )
[43]. These bounds are indeed satisfied for Asian options under the local volatility model
(1). The lower bound is satisfied by the convexity of the payoff (x−K)+, and the upper
bound follows from (x−K)+ ≤ x.
Although Asian options are quoted in practice by price, and not implied volatility, such
equivalent volatilities are a convenient representation of the short maturity asymptotics
of the Asian option prices. Also, they give a natural formulation for the small-maturity
asymptotics of the Asian options in Proposition 8, which is equivalent to a small-maturity
limit for these volatilities. This result is somewhat similar to the representation of the
small maturity asymptotics for European options in the local volatility model in terms of
the BBF formula for the implied volatility [4].
The short maturity asymptotics for out-of-the-money Asian options given in Theorem 2
gives the following short-time asymptotics for the equivalent volatilities of the Asian op-
tions in the local volatility model (1). For simplicity, we only prove the r = q = 0 case.
We expect the same result holds for general r, q.
Proposition 18. Assume r = q = 0 and (2) and (3) hold.
(i) The short-time limit T → 0 of the Black-Scholes equivalent volatility of an out-of-
the-money Asian option is given by
(51) lim
T→0
Σ2LN(K,S0, T ) =
1
2
log2
(
K
S0
)
I(K,S0) ,
and the corresponding result for the Bachelier equivalent volatility is
(52) lim
T→0
Σ2N(K,S0, T ) =
1
2
(
K
S0
− 1
)2
I(K,S0) ,
where I(K,S0) is given in Proposition 8.
(ii) Under assumptions of Theorem 6 on σ(·), the short-time limit T → 0 of the Black-
Scholes equivalent volatility of an at-the-money Asian option is given by
(53) lim
T→0
ΣLN(K,S0, T ) =
1√
3
σ(S0),
and the corresponding result for the Bachelier equivalent volatility is
(54) lim
T→0
ΣN(K,S0, T ) =
1√
3
σ(S0)S0.
In the Black-Scholes model we can get explicit results for the equivalent volatilities,
using the result for the rate function JBS(K/S0) derived in Proposition 12. Denote the
corresponding equivalent volatilities Σ
(BS)
LN and Σ
(BS)
N . Their expansions about the ATM
point in powers of log-strike x = log(K/S0) are
(55) Σ
(BS)
LN (K/S0) =
1√
3
σ
(
1 +
1
10
x− 23
2100
x2 +
1
3500
x3 +O(x4)
)
,
and in powers of k = K/S0 − 1, respectively
(56) Σ
(BS)
N (K/S0) =
1√
3
σS0
(
1 +
3
5
k − 33
350
k2 +
83
1750
k3 +O(k4)
)
.
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Using the equation (40) we can derive similar results for a more general local volatil-
ity function σ(S). From the first three terms in the Taylor expansion of the rate func-
tion in powers of log-strike we can get explicit results for the ATM equivalent volatil-
ity, the skew and smile convexity at the ATM point. We use ΣLN(N)(K,S0) to denote
limT→0 ΣLN(N)(K,S0, T ).
Proposition 19. Assume σ(·) is twice differentiable. The small maturity limit T → 0
of the log-normal equivalent volatility for an Asian option in the local volatility model (1)
has the expansion in x = log(K/S0) around the ATM point
ΣLN(K,S0) =
1√
3
σ(S0)
{
1 +
(
1
10
+
3
5
S0
σ′(S0)
σ(S0)
)
x(57)
+
(
− 23
2100
+
57
175
S0
σ′(S0)
σ(S0)
− 33
350
S20
(
σ′(S0)
σ(S0)
)2
+
9
35
S20
σ′′(S0)
σ(S0)
)
x2 +O(x3)
}
.
The corresponding expansion for the normal equivalent volatility of an Asian option has
the expansion in k = KS0 − 1 around the ATM point
ΣN(K,S0) =
1√
3
S0σ(S0)
{
1 +
(
3
5
+
3
5
S0
σ′(S0)
σ(S0)
)
k(58)
+
(
− 33
350
+
57
175
S0
σ′(S0)
σ(S0)
− 33
350
S20
(
σ′(S0)
σ(S0)
)2
+
9
35
S20
σ′′(S0)
σ(S0)
)
k2 +O(k3)
}
.
The result of Proposition 19 is similar to the expansion of the implied volatility obtained
in an uncorrelated local-stochastic volatility model [24] for the implied volatility of vanilla
European options, see Theorem 4.1 in [24], giving the level, slope and convexity of the
small-time implied volatility. Indeed, this result allows pricing Asian options directly from
the observable European volatility skew, assuming local volatility dynamics, but without
assuming a particular form of the local volatility function!
Combining the result of Proposition 19 and the well-known result for the ATM skew of
European options in the local volatility model, see e.g. [24], we have:
Remark 20. In the short maturity limit,
ATM Asian vol =
1√
3
·ATM European vol,
(59)
ATM Asian skew slope =
1√
3
·
[
1
10
·ATM European vol + 6
5
·ATM European skew
]
,
(60)
where the slope is with respect to the log-moneyness.
4.3. Numerical Tests. We present in this section a few numerical tests of the short-
maturity asymptotic results for Asian options obtained in this paper.
For ATM Asian options we have the result of Theorem 6 which can be used directly
to obtain a price. For out-of-the-money Asian options, we have the asymptotic results
of Theorem 2. In practice, we find that it is convenient to use this result to obtain the
short-maturity equivalent log-normal volatility of an Asian option ΣLN(K,S0) (or normal
volatility ΣN(K,S0)), as given in Proposition 18.
SHORT MATURITY ASIAN OPTIONS 13
Table 1. Numerical results for call (upper) and put (lower) Asian options
with maturity T = 0.5, 1, 2 years and parameters (61) obtained by MC
simulation in the BS model (1 stdev in brackets), compared against the
asymptotic results Cas(K), Pas(K) given by (50). The last column gives
the asymptotic equivalent log-normal volatility of the Asian option Σ
(BS)
LN .
T = 0.5 T = 1 T = 2
K MC(n=800) Cas(K) MC(n=800) Cas(K) MC(n=800) Cas(K) Σ
(BS)
LN
100 4.8871(0.0078) 4.8830 6.9037(0.0115) 6.9013 9.7417(0.0155) 9.7477 17.32%
105 2.9205(0.0062) 2.9188 4.8848(0.0098) 4.8847 7.7268(0.0155) 7.7382 17.41%
110 1.6372(0.0046) 1.6388 3.3689(0.0083) 3.3715 6.0737(0.0139) 6.0826 17.48%
115 0.8650(0.0033) 0.8671 2.2698(0.0068) 2.2745 4.7370(0.0124) 4.7505 17.56%
120 0.4336(0.0023) 0.4351 1.4980(0.0055) 1.5033 3.6692(0.0110) 3.6835 17.63%
125 0.2075(0.0016) 0.2081 0.9715(0.0045) 0.9758 2.8254(0.0098) 2.8414 17.70%
130 0.0949(0.0011) 0.0953 0.6201(0.0036) 0.6234 2.1657(0.0086) 2.1790 17.76%
K MC(n=800) Pas(K) MC(n=800) Pas(K) MC(n=800) Pas(K) Σ
(BS)
LN
70 0.0034(0.0001) 0.0035 0.0810(0.0007) 0.0809 0.5580(0.0024) 0.5596 16.68%
75 0.0264(0.0004) 0.0263 0.2579(0.0014) 0.2580 1.1220(0.0036) 1.1250 16.81%
80 0.1296(0.0009) 0.1295 0.6608(0.0025) 0.6609 2.0100(0.0050) 2.0167 16.92%
85 0.4548(0.0018) 0.4543 1.4221(0.0038) 1.4237 3.2880(0.0067) 3.2984 17.03%
90 1.2187(0.0031) 1.2190 2.6671(0.0054) 2.6711 4.9963(0.0085) 5.0095 17.14%
95 2.6475(0.0048) 2.6494 4.4820(0.0072) 4.4877 7.1464(0.0103) 7.1628 17.23%
100 4.8789(0.0066) 4.8830 6.8928(0.0090) 6.9013 9.7280(0.0121) 9.7477 17.32%
The equivalent log-normal volatility ΣLN given by Proposition 18 can be used in the
Black-Scholes pricing formula as in (50) to compute Asian option prices. Although this
approach introduces subleading terms in the option price which are not constrained by
the asymptotic result of Theorem 2, we will demonstrate that it gives predictions that are
in good agreement with the numerical simulations of the Asian option prices.
We consider next a few numerical tests of the asymptotic pricing formulas, on the
example of the Asian options in the Black-Scholes model. One first test assumes the
model parameters
(61) r = q = 0, S0 = 100, σ = 30%.
In Table 1 we show the prices of out-of-the-money call and put Asian options with matu-
rities T = 0.5, 1, 2 years, comparing the results of a Monte Carlo calculation against the
asymptotic results Cas and Pas given in (50). The Monte Carlo simulation was performed
with N = 106 paths, and the time line was discretized with n = 800 time steps. We
note very good agreement of the short-maturity asymptotic results with the results of the
Monte Carlo calculation. The asymptotic results are always within one standard deviation
(68% CL) of the MC result for T = 0.5, 1, and within two standard deviations (95% CL)
for T = 2.
We also compare with the benchmark scenarios proposed in [27] and which were com-
monly used in the literature on pricing Asian options [11, 14, 39, 26, 50]. We show in
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Table 2. Numerical results for Asian call options in the Black-Scholes
model under the benchmark scenarios considered in [27, 39]. The last
4 columns show: a) the results from the asymptotic expansion (50) of
this paper (PZ), b) the 3rd order approximation proposed in Foschi et al.
[26] (FPP3), c) Levy approximation [38], d) precise evaluation using the
spectral expansion in [39].
r T S0 K σ PZ FPP3 Levy Linetsky
0.02 1 2 2 0.1 0.055923 0.055986 0.056054 0.055986
0.18 1 2 2 0.3 0.217054 0.218387 0.219829 0.218387
0.0125 2 2 2 0.25 0.172163 0.172267 0.173490 0.172269
0.05 1 1.9 2 0.5 0.192895 0.193164 0.195379 0.193174
0.05 1 2 2 0.5 0.246125 0.246406 0.249791 0.246416
0.05 1 2.1 2 0.5 0.305927 0.306210 0.310646 0.306220
0.05 2 2 2 0.5 0.349314 0.350040 0.359204 0.350095
Table 2 numerical results for the asymptotic approximation for the Asian options ob-
tained from (50), for the scenarios proposed in [27]. They are compared against the very
precise results of [39] obtained using a spectral expansion, and against the simple Levy
approximation [38]. The asymptotic result performs in all cases better than the Levy
approximation, and the agreement with the results of [39] is better than 0.7% in all cases.
The numerical tests presented show that the short-maturity asymptotic results of this
paper can be used as a good approximation for Asian options prices with maturities
relevant for practical applications.
5. Asymptotics for Floating Strike Asian Options
There are many variations of the standard Asian options in the finance literature and
one of the most used is the so-called floating strike Asian options. The price of the floating
strike Asian call/put options are given by
Cf (T ) := e
−rTE
[(
κST − 1
T
∫ T
0
Stdt
)+]
,(62)
Pf (T ) := e
−rTE
[(
1
T
∫ T
0
Stdt− κST
)+]
,(63)
where κ > 0 is the strike, see e.g. [38, 41, 2, 9, 42, 35]. The floating-strike Asian option is
more difficult to price than the fixed-strike case because the joint law of ST and
1
T
∫ T
0 Stdt
is needed, and also the one dimensional PDE that the floating-strike Asian price satisfies
after a change of nume´raire is difficult to solve numerically as the Dirac delta function
appears as a coefficient, see e.g. [42, 2].
When κ < 1, the call option is OTM, the put option is ITM; when κ > 1, the call
option is ITM, the put option is OTM; when κ = 1, the call/put options are ATM. We
are interested in the short maturity, i.e. T → 0 asymptotics of these options.
For the Black-Scholes model, it was shown by Henderson and Wojakowski [35] that the
floating-strike Asian options with continuous time averaging can be related to fixed strike
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ones as
e−rTE[(κST −AT )+] = e−qTE∗[(κS0 −AT )+] ,(64)
e−rTE[(AT − κST )+] = e−qTE∗[(AT − κS0)+] .
The expectations on the right-hand side are taken with respect to a different measure Q∗,
where the asset price St is given by the process
(65) dSt = (q − r)Stdt+ σStdW ∗t ,
with W ∗t a standard Brownian motion in the Q∗ measure.
However, in our general setting of local volatility models, the equivalence relations
(64) do not hold, and hence the asymptotics for floating strike Asian options must be
obtained independently from that of the fixed strike Asian options. But it is not difficult
to observe that the same techniques, i.e. large deviations, calculus of variation, Gaussian
approximations, which were used to obtain the short-maturity asymptotics for the fixed
strike Asian options, can be applied with little modification for the floating strike ones.
For the sake of simplicity, we will only provide a sketch of the proofs in the Appendix.
Proposition 21. (i) Under the same assumptions as in Theorem 2, when κ < 1,
Cf (T ) = e
− 1
T
If (κ,S0)+o( 1T ),(66)
Pf (T ) = (1− κ)S0 − S0
2
(r + q)T + κS0qT +O(T
2),(67)
as T → 0, where
(68) If (κ, S0) = inf∫ 1
0 e
g(t)dt=κeg(1)
g(0)=logS0,g∈AC[0,1]
1
2
∫ 1
0
(
g′(t)
σ(eg(t))
)2
dt.
(ii) Under the same assumptions as in Theorem 2, when κ > 1,
Pf (T ) = e
− 1
T
If (κ,S0)+o( 1T ),(69)
Cf (T ) = (κ− 1)S0 + S0
2
(r + q)T − κS0qT +O(T 2),(70)
as T → 0, where If is defined in (68).
(iii) Under the same assumptions as in Theorem 6, when κ = 1,
(71) lim
T→0
1√
T
Cf (T ) = lim
T→0
1√
T
Pf (T ) =
1√
6pi
σ(S0)S0.
For a general local volatility function σ(S), the rate function If (κ, S0) is given by the
following result:
Proposition 22. The solution of the variational problem in Proposition 21 for the short
maturity asymptotics of floating strike Asian options is given by
(72) If (κ, S0) = λ(κ− 1)ef1 + 1
2
λ2κ2e2f1σ2(S0e
f1),
where f1 = f(1) with f(t) given by the solution of the differential equation
(73)
d
dt
(
f ′(t)
σ(S0ef(t))
)
= λef(t)σ(S0e
f(t)),
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with
(74) λ = 2
1− ef(1)
Is[f ]{Is[f ]− 2κef1σ(S0ef1)} , Is[f ] =
∫ 1
0
dsef(s)σ(S0e
f(s)),
and boundary conditions
(75) f(0) = 0 , f ′(1) = λκef1σ2(S0ef1) .
We briefly outline in the following a possible numerical method for solving this calculus
problem and finding the rate function If (κ, S0) for a given local volatility function σ(S).
This can be reduced to solving a non-linear equation for the variable λ. For a given
value of λ, one can solve numerically the Euler-Lagrange equation (73) with the boundary
conditions (75), and find the (non-optimal) function f(t). Using this function we can
compute the integral Is[f ], and evaluate the expression for λ in (74). Requiring that the
result for λ following from (74) is the same as the input value determines the value of
this variable, and thus the optimal function f(t). This equation for λ can be solved by
scanning over λ.
For the limiting case of the Black-Scholes model σ(S) = σ, the rate function If (κ, S0)
can be found exactly, and is related to the Black-Scholes rate function JBS(K/S0) given
in Proposition 12.
Proposition 23. In the Black-Scholes model, the rate function of the floating strike Asian
option is given by
(76) If (κ) = inf∫ 1
0 e
h(t)dt=κ
h(0)=0,h∈AC[0,1]
1
2σ2
∫ 1
0
(h′(t))2dt =
1
σ2
JBS(κ) ,
where JBS(κ) is the rate function for fixed strike Asian options in the Black-Scholes model
given in (31).
Remark 24. Note that for the Black-Scholes model, If (κ, S0) is independent of S0 and
hence we use the notation If (κ) in (76).
Remark 25. The relation (76) is consistent with the equivalence relations (64). As noted
above, the short maturity asymptotics of the Asian options is independent of the interest
rate r and dividend yield q such that in this limit the expectations in the relation (64)
are taken in the same measure. This implies that in the short maturity limit, fixed and
floating strike Asian options are equal to each other, up to the substitution K/S0 7→ κ.
It is instructive to compare this explicit solution in the Black-Scholes model with the
result of Proposition 22. For the case of constant volatility function σ(S) = σ, the relation
(74) simplifies as
(77) λBS(κ) =
2
σ2κ2
e−2f(1)(ef(1) − 1) = 2
σ2κ2
e2h(1)(e−h(1) − 1) .
where h(t) = f(1− t)− f(1) is the solution of the equivalent variational problem in (76).
This agrees with the solution for the Lagrange multiplier λ for the auxiliary variational
problem (76), which is given in (235). The value λBS(κ) (with σ = σ(S0)) can be used as a
starting point for scanning over the values of λ in the numerical solution of the variational
problem for the general local volatility model.
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6. Appendix
6.1. Large Deviation Principle and Contraction Principle. We start by giving a
formal definition of the large deviation principle. We refer to Dembo and Zeitouni [12] or
Varadhan [48] for general background of large deviations and the applications.
Definition 26 (Large Deviation Principle). A sequence (P)∈R+ of probability measures
on a topological space X satisfies the large deviation principle with rate function I : X → R
if I is non-negative, lower semicontinuous and for any measurable set A, we have
(78) − inf
x∈Ao
I(x) ≤ lim inf
→0
 logP(A) ≤ lim sup
→0
 logP(A) ≤ − inf
x∈A
I(x).
Here, Ao is the interior of A and A is its closure.
The contraction principle plays a key role in our proofs. For the convenience of the
readers, we state the result as follows:
Theorem 27 (Contraction Principle, e.g. Theorem 4.2.1. [12]). If P satisfies a large
deviation principle on X with rate function I(x) and F : X → Y is a continuous map,
then the probability measures Q := PF
−1 satisfies a large deviation principle on Y with
rate function
(79) J(y) = inf
x:F (x)=y
I(x).
6.2. Proofs of the Results in Section 2.
Proof of Theorem 2. (i) We start by first proving the relation
lim
T→0
T logC(T ) = lim
T→0
T logP
(
1
T
∫ T
0
Stdt ≥ K
)
.(80)
By Ho¨lder’s inequality, for any 1p +
1
p′ = 1, p, p
′ > 1,
C(T ) ≤ e−rTE
[∣∣∣∣ 1T
∫ T
0
Stdt−K
∣∣∣∣ 1 1
T
∫ T
0 Stdt≥K
]
(81)
≤ e−rT
(
E
[∣∣∣∣ 1T
∫ T
0
Stdt−K
∣∣∣∣p
]) 1
p
P
(
1
T
∫ T
0
Stdt ≥ K
) 1
p′
.(82)
Let us assume that p ≥ 2. Note that for p ≥ 2, x 7→ xp is a convex function for x ≥ 0 and
by Jensen’s inequality, (x+y2 )
p ≤ xp+yp2 for any x, y ≥ 0. Therefore
E
[∣∣∣∣ 1T
∫ T
0
Stdt−K
∣∣∣∣p
]
≤ E
[(
1
T
∫ T
0
Stdt+K
)p]
(83)
≤ 2p−1
[
E
[(
1
T
∫ T
0
Stdt
)p]
+KP
]
.
By Jensen’s inequality again,
(84) E
[(
1
T
∫ T
0
Stdt
)p]
≤ E
[
1
T
∫ T
0
Spt dt
]
=
1
T
∫ T
0
E[Spt ]dt.
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By Itoˆ’s formula,
(85) d(Spt ) = pS
p−1
t [(r − q)Stdt+ σ(St)dWt] +
1
2
p(p− 1)Sp−2t σ(St)2S2t dt.
Taking expectations of the both sides of the equation (85),
(86) dE[Spt ] = p(r − q)E[Spt ]dt+
1
2
p(p− 1)E[Spt σ(St)2]dt.
Since σ ≤ σ(·) ≤ σ, we conclude that E[Spt ] ≤ m(t) where m(t) is the solution to the ODE:
(87) dm(t) = p(r − q)m(t)dt+ 1
2
p(p− 1)σ2m(t)dt, m(0) = Sp0 ,
which has the solution m(t) = Sp0e
(p(r−q)+ 1
2
p(p−1)σ2)t. Hence,
(88)
1
T
∫ T
0
E[Spt ]dt ≤ max
0≤t≤T
m(t) ≤ Sp0e|p(r−q)+
1
2
p(p−1)σ2|T .
Therefore, by equations (83), (84), (88), we have
(89) lim sup
T→0
T logC(T ) ≤ lim sup
T→0
1
p′
T logP
(
1
T
∫ T
0
Stdt ≥ K
)
.
Since it holds for any 2 > p′ > 1, we have the upper bound.
For any  > 0,
C(T ) ≥ e−rTE
[(
1
T
∫ T
0
Stdt−K
)
1 1
T
∫ T
0 Stdt≥K+
]
(90)
≥ e−rT P
(
1
T
∫ T
0
Stdt ≥ K + 
)
,
which implies that
(91) lim inf
T→0
T logC(T ) ≥ lim inf
T→0
T logP
(
1
T
∫ T
0
Stdt ≥ K + 
)
.
Since it holds for any  > 0, we get the lower bound.
So the problem boils down to compute the limit
(92) lim
T→0
T logP
(
1
T
∫ T
0
Stdt ≥ K
)
= lim
T→0
T logP
(∫ 1
0
StTdt ≥ K
)
.
Let Xt := logSt. This is equivalent to computing the limit
(93) lim
T→0
T logP
(∫ 1
0
eXtT dt ≥ K
)
,
where by Itoˆ’s lemma,
(94) dXt =
(
r − q − 1
2
σ2(eXt)
)
dt+ σ(eXt)dWt, X0 = logS0.
¿From the large deviations theory for small time diffusions, it was first proved in Varadhan
[47] that under the assumptions (2), (3), P(X·T ∈ ·) satisfies a sample path large deviation
principle on L∞[0, 1] with the rate function
(95) I(g) =
1
2
∫ 1
0
(
g′(t)
σ(eg(t))
)2
dt.
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with g(0) = logS0 and g ∈ AC[0, 1], the space of absolutely continuous functions and
I(g) = +∞ otherwise.
Note that the map g 7→ ∫ 10 eg(x)dx from L∞[0, 1] to R+ is a continuous map. Therefore,
by contraction principle (Theorem 27), P(
∫ 1
0 e
XtT dt ∈ ·) satisfies a large deviation principle
with the rate function
(96) I(x, S0) := inf∫ 1
0 e
g(t)dt=x
g(0)=logS0,g∈AC[0,1]
1
2
∫ 1
0
(
g′(t)
σ(eg(t))
)2
dt.
Hence, for out-of-the money call options, i.e. S0 < K,
(97) lim
T→0
T logP
(
1
T
∫ T
0
Stdt ≥ K
)
= − inf
x≥K
I(x, S0) = −I(K,S0),
where the last step is due to the fact that I(K,S0) is increasing in K for K > S0, see
Proposition 11.
(ii) We conclude by proving the analogous relation to (80) for Asian put options, that
is, for out-of-the-money put options, S0 > K, we will show that
(98) lim
T→0
T logP
(
K ≥ 1
T
∫ T
0
Stdt
)
= −I(K,S0).
By Ho¨lder’s inequality, for any 1p +
1
p′ = 1, p, p
′ > 1,
P (T ) = e−rTE
[(
K − 1
T
∫ T
0
Stdt
)+
1
K≥ 1
T
∫ T
0 Stdt
]
(99)
≤ e−rT
(
E
[((
K − 1
T
∫ T
0
Stdt
)+)p]) 1p
P
(
K ≥ 1
T
∫ T
0
Stdt
) 1
p
≤ e−rTKP
(
K ≥ 1
T
∫ T
0
Stdt
) 1
p′
.
Thus, lim supT→0 T logP (T ) ≤ − 1p′I(K,S0). Since it holds for any p′ > 1, we proved the
upper bound.
For the lower bound, for any sufficiently small  > 0,
P (T ) ≥ e−rTE
[(
K − 1
T
∫ T
0
Stdt
)
1
K≥ 1
T
∫ T
0 Stdt+
]
(100)
≥ e−rT P
(
K ≥ 1
T
∫ T
0
Stdt+ 
)
,
which implies that lim infT→0 T logP (T ) ≥ −I(K − , S0). By letting  ↓ 0, and the fact
that the rate function I(K,S0) is continuous in K, see Proposition 9 and Remark 10, we
proved the lower bound. 
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Proof of Corollary 5. (i) From the put-call parity,
C(T )− P (T ) = e−rTE
[
1
T
∫ T
0
Stdt−K
]
(101)
= e−rT
[
1
T
∫ T
0
e(r−q)tS0dt−K
]
=
{
e−rT [S0 −K] if r = q
e−rT
[
1
T (r−q) [e
(r−q)T − 1]S0 −K
]
if r 6= q
=
{
[S0 −K](1− rT ) +O(T 2) if r = q
S0 −K − 12(r + q)S0T +KrT +O(T 2) if r 6= q
,
as T → 0. Therefore, for in-the-money call option, i.e. S0 > K, from Theorem 2, we get
C(T ) = S0 −K − 12(r + q)S0T +KrT +O(T 2) as T → 0.
(ii) For in-the-money put option, i.e. S0 < K, from (i) and Theorem 2, we get P (T ) =
K − S0 + 12(r + q)S0T −KrT +O(T 2) as T → 0. 
Proof of Theorem 6. (i) For at-the-money call option,
(102) C(T ) = e−rTE
[(
1
T
∫ T
0
e(r−q)tXtdt− S0
)+]
,
where Xt :=
St
e(r−q)t is a martingale and satisfies the SDE:
(103) dXt = σ(Xte
(r−q)t)XtdWt,
with X0 = S0.
Claim 1. As T → 0,
(104)
∣∣∣∣∣E
[(
1
T
∫ T
0
e(r−q)tXtdt− S0
)+]
− E
[(
1
T
∫ T
0
Xtdt− S0
)+]∣∣∣∣∣ = O(T ).
Let us prove (104).∣∣∣∣∣E
[(
1
T
∫ T
0
e(r−q)tXtdt− S0
)+]
− E
[(
1
T
∫ T
0
Xtdt− S0
)+]∣∣∣∣∣(105)
≤ E
[∣∣∣∣∣
(
1
T
∫ T
0
e(r−q)tXtdt− S0
)+
−
(
1
T
∫ T
0
Xtdt− S0
)+∣∣∣∣∣
]
≤ E
[
1
T
∫ T
0
∣∣∣e(r−q)t − 1∣∣∣Xtdt]
= S0
1
T
∫ T
0
|e(r−q)t − 1|dt
= S0
∣∣∣∣ 1T
∫ T
0
(e(r−q)t − 1)dt
∣∣∣∣
= S0
∣∣∣∣∣e(r−q)T − 1(r − q)T − 1
∣∣∣∣∣ .
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Hence, we proved (104).
Next, let us define Xˆt, which satisfies the SDE:
(106) dXˆt = σ(S0)S0dWt, Xˆ0 = S0.
Claim 2.
(107) E
[
max
0≤t≤T
|Xt − Xˆt|
]
= O(T ), as T → 0.
Let us prove (107). Note that
(108) Xt − Xˆt =
∫ t
0
[
σ(Xse
(r−q)s)Xs − σ(S0)S0
]
dWs.
By Itoˆ’s isometry and the uniform Lipschitz assumption,
E[(Xt − Xˆt)2]
(109)
=
∫ t
0
E
[(
σ(Xse
(r−q)s)Xs − σ(S0)S0
)2]
ds
≤ 2
∫ t
0
E
[
(σ(Xs)Xs − σ(S0)S0)2
]
ds+ 2
∫ t
0
E
[(
σ(Xse
(r−q)s)Xs − σ(Xs)Xs
)2]
ds
≤ 2α2
∫ t
0
E[(Xs − S0)2]ds+ 2β2
∫ t
0
(e(r−q)s − 1)2E[X4s ]ds
≤ 4α2
∫ t
0
E[(Xs − Xˆs)2]ds+ 4α2
∫ t
0
E[(Xˆs − S0)2]ds+ 2β2
∫ t
0
(e(r−q)s − 1)2E[X4s ]ds.
Note that Xˆs = S0 + σ(S0)S0Ws and hence E[(Xˆs − S0)2] = σ2(S0)S20s. Also
(110) |σ(x)x| = |σ(x)x− 0σ(0)| ≤ α|x|
so that σ(x) ≤ α.
Since Xt−X0 is a martingale starting at 0, by the Burkholder-Davis-Gundy inequality,
we get
E[(Xt −X0)4] ≤ CE[(〈X〉t)2],
for some constant C > 0, where 〈X〉t =
∫ t
0 σ
2(Xse
(r−q)s)X2sds is the quadratic variation
of Xt. Using the Cauchy-Schwarz inequality, we get
E[(Xt −X0)4] ≤ CE
[(∫ t
0
σ2(Xse
(r−q)s)X2sds
)2]
≤ CE
[∫ t
0
σ4(Xse
(r−q)s)ds
∫ t
0
X4sds
]
.
Since σ(·) ≤ α and E[X4t ] ≤ 8X40 + 8E[(Xt−X0)4] (since (x+y2 )4 ≤ x
4+y4
2 for any x, y ≥ 0)
and X0 = S0, we get, for any sufficiently small t, say t ≤ 1,
E[X4t ] ≤ 8S40 + 8Cα4
∫ t
0
E[X4s ]ds,
Gronwall’s inequality states that if β(·) is non-negative and for any t ≥ 0, u(t) ≤ α(t) +∫ t
0 β(s)u(s)ds, then
(111) u(t) ≤ α(t) +
∫ t
0
α(s)β(s)e
∫ t
s β(r)drds.
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Therefore, by Gronwall’s inequality we have for any sufficiently small t,
E[X4t ] ≤ 8S40e8Cα
4t.
Hence, there exists a constant γ > 0 so that
(112) 2β2
∫ t
0
(e(r−q)s − 1)2E[X4s ]ds ≤ 16β2S40e8Cα
4t
∫ t
0
(e(r−q)s − 1)2ds ≤ γt2,
for any sufficiently small t > 0. Plugging into (109), we get
(113) E[(Xt − Xˆt)2] ≤ 4α2
∫ t
0
E[(Xs − Xˆs)2]ds+ 2α2σ2(S0)S20t2 + γt2.
By Gronwall’s inequality, we have
E[(Xt − Xˆt)2] ≤ [2α2σ2(S0)S20 + γ]t2 + 4α2
∫ t
0
[2α2σ2(S0)S
2
0 + γ]s
2e4α
2(t−s)ds(114)
≤ [2α2σ2(S0)S20 + γ]
[
t2 +
4
3
α2t3e4α
2t
]
.
Hence, we conclude that there exists some universal constant M > 0, so that for any
sufficiently small T > 0,
(115) E[(XT − XˆT )2] ≤MT 2.
Finally notice that Xt−Xˆt is a martingale since both Xt and Xˆt are. By Doob’s martingale
inequality, for sufficiently small T > 0,
(116) E
[
max
0≤t≤T
|Xt − Xˆt|
]
≤ 2
(
E[(XT − XˆT )2]
) 1
2 ≤ 2
√
MT.
Hence, we proved (107).
Claim 3. For T → 0,
(117)
∣∣∣∣∣E
[(
1
T
∫ T
0
Xtdt− S0
)+]
− E
[(
1
T
∫ T
0
Xˆtdt− S0
)+]∣∣∣∣∣ = O(T ).
Let us prove (117).∣∣∣∣∣E
[(
1
T
∫ T
0
Xtdt− S0
)+]
− E
[(
1
T
∫ T
0
Xˆtdt− S0
)+]∣∣∣∣∣(118)
≤ E
∣∣∣∣ 1T
∫ T
0
Xtdt− 1
T
∫ T
0
Xˆtdt
∣∣∣∣
≤ E
[
max
0≤t≤T
|Xt − Xˆt|
]
.
Therefore, (117) follows from (107).
Claim 4.
(119) E
[(
1
T
∫ T
0
Xˆtdt− S0
)+]
= σ(S0)S0
√
T√
3
E[Z1Z>0],
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where Z ∼ N(0, 1). Let us prove (119). Note that Xˆt = S0 + σ(S0)S0Wt. Hence,
(120)
1
T
∫ T
0
Xˆtdt− S0 = σ(S0)S0 1
T
∫ T
0
Wtdt ∼ N
(
0, σ2(S0)S
2
0
T
3
)
.
Hence, we proved (119). Indeed, we can compute that
(121) E [Z1Z>0] =
1√
2pi
∫ ∞
0
xe−
x2
2 dx =
1√
2pi
.
Finally, putting (104), (107), (117), (119), and (121) together, we proved the desired
result.
(ii) For at-the-money put option, the proof is similar to (i) and is omitted. 
6.3. Proofs of the Results in Section 3.
Proof of Proposition 8. We present here the proof of the solution of the variational prob-
lem in Proposition 8 of the variational problem (122). This variational problem can be
simplified by introducing the function f(t) defined as g(t) = logS0 + f(t). Expressed in
terms of this function, the variational problem is stated as:
(122) I(K,S0) = inf
f
1
2
∫ 1
0
(
f ′(t)
σ(S0ef(t))
)2
dt,
where f(t) ∈ AC[0, 1] satisfies f(0) = 0 and
(123)
∫ 1
0
ef(t)dt =
K
S0
.
The constraint (123) can be taken into account by introducing a Lagrange multiplier λ
and considering the variational problem for the functional
(124) Λ[f ] =
1
2
∫ 1
0
(
f ′(t)
σ(S0ef(t))
)2
dt+ λ
(∫ 1
0
ef(t)dt− K
S0
)
.
with boundary condition f(0) = 0.
First we recall a well-known result in the calculus of variations, see Sec. IV.5 in [10],
stated in a form which is representative for the variational problems encountered in this
paper.
Lemma 28. Consider the variational problem of finding the extremum of the functional
(125) Λ[x] =
1
2
∫ T
0
(
x′(t)
Σ(x(t))
)2
dt−
∫ T
0
V (x(t))dt− f(x(T )),
where Σ(x), V (x) are C1 functions, over the set of functions x(t) satisfying the constraint
(126) x(0) = x0 .
The optimal function x(t) satisfies the Euler-Lagrange equation
(127)
d
dt
(
x′(t)
Σ(x(t))
)
= −V ′(x(t))Σ(x(t))
with boundary condition (126) at t = 0 and the transversality condition
(128) x′(T ) = f(x(T ))Σ2(x(T ))
at t = T .
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Proof. Define x(t) as a perturbation around the optimal function x(t)
(129) x(t) = x(t) + η(t) ,
where η(t) ∈ C1 is a function which vanishes at t = 0 but is unconstrained at t = T
(130) η(0) = 0 .
A necessary condition that Λ[x] has an extremum on x(t) is that we have
d
d
Λ[x]|=0 =
∫ T
0
x′(t)
Σ2(x(t))
η′(t)dt(131)
−
∫ T
0
(
[x′(t)]2
Σ3(x(t))
Σ′(x(t)) + V ′(x(t))
)
η(t)dt− f ′(x(T ))η(T )
=
∫ T
0
η(t)
{
− d
dt
(
x′(t)
Σ2(x(t))
)
− [x
′(t)]2
Σ2(x(t))
Σ′(x(t))
Σ(x(t))
− V ′(x(t))
}
dt
+ η(T )
(
x′(T )
Σ2(x(T ))
− f ′(x(T ))
)
= 0
for any η(t) satisfying the constraint (130). In the second equality we integrated by parts
in the first term. At optimality the functional derivative ddΛ[x] must vanish for any η(t)
satisfying the constraint η(0) = 0. This requires that the two terms vanish separately for
any η(t). The vanishing of the first term gives the Euler-Lagrange equation (127), and
the vanishing of the second term gives the transversality condition (128). 
Application of this result to the variational problem (124) gives that the optimal func-
tion f satisfies the Euler-Lagrange equation
(132)
d
dt
(
f ′(t)
σ(S0ef(t))
)
= λef(t)σ(S0e
f(t)) ,
and the transversality condition
(133) f ′(1) = 0.
It is known [10] that one can relax the conditions Σ(x), V (x) ∈ C1 to allow functions
which are piecewise continuous. This is made explicit by writing the Euler-Lagrange
equation (132) in an alternative form as given by Lemma 29. Note that the derivative
Σ′(x) does not appear in this result anymore. This implies that the conditions (2), (3) on
σ(·) are sufficient for our purposes.
Lemma 29. The Euler-Lagrange equation (132) can be written alternatively as
(134)
1
2
(
f ′(t)
σ(S0ef(t))
)2
− λef(t) = c
with c a constant.
Proof. Follows by multiplying both sides of (132) with f ′(t)/σ(S0ef(t))
(135)
1
2
d
dt
(
f ′(t)
σ(S0ef(t))
)2
= λef(t)f ′(t) = λ
d
dt
ef(t) ,
This reproduces (134). 
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¿From (134) and the transversality condition f ′(1) = 0 we have
(136)
1
2
(
f ′(t)
σ(S0ef(t))
)2
− λef(t) = −λef(1).
Integrating over t : (0, 1) this gives
(137) I(K,S0) = 1
2
∫ 1
0
(
f ′(t)
σ(S0ef(t))
)2
dt = −λef(1) + λ
∫ 1
0
ef(t)dt = λ(K/S0 − ef(1)) .
This relation expresses the rate function I(K,S0) in terms of the terminal value of the
optimal function f(1) and the Lagrange multiplier λ.
The optimal function f(t), the solution of the variational problem (132), has the fol-
lowing qualitative behavior:
1. f(t) is increasing f ′(t) > 0 for λ < 0. This case corresponds to K > S0. For this
case f(1) > 0.
2. f(t) is decreasing f ′(t) < 0 for λ > 0. This case corresponds to K < S0. For this
case f(1) < 0.
These properties follow from the Euler-Lagrange equation (132). Integrating this equa-
tion over t : (t, 1) and using the transversality condition f ′(1) = 0 gives
(138) f ′(t) = −λΣ(f(t))
∫ 1
t
ef(s)Σ(f(s))dt.
The factors multiplying λ are negative, such that the sign of this expression is opposite to
that of λ. The integrand in the constraint (123) satisfies the inequality ef(t) > ef(0) = 1
in the case 1. and ef(t) < ef(0) = 1 in case 2. These two cases correspond to K > S0 and
K < S0, respectively.
We can use (134) to eliminate f ′(t) in terms of f(t) as
(139) f ′(t) =
{√−2λΣ(f(t))√ef(1) − ef(t) , K > S0 , λ < 0
−√2λΣ(f(t))
√
ef(t) − ef(1) , K < S0 , λ > 0
.
We will treat the two cases separately.
Case 1. K > S0. We will show that the rate function is
(140) I(K,S0) = 1
2
F (−)(f1)G(−)(f1),
where f1 > 0 is the solution of the equation
(141) ef1 −K/S0 = G
(−)(f1)
F (−)(f1)
,
with
G(−)(f1) =
∫ f1
0
1
Σ(y)
√
ef1 − eydy,(142)
F (−)(f1) =
∫ f1
0
1
Σ(y)
1√
ef1 − ey dy .(143)
Proof. First we note that the rate function can be written in two equivalent ways as
(144) I(K,S0) = λ(K/S0 − ef1) =
√
−λ
2
∫ f1
0
1
Σ(y)
√
ef1 − eydy.
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The first equality is just equation (137) with f1 = f(1). The second equality follows by
changing the integration variable in the definition of the rate function from t to f(t)
I(K,S0) = 1
2
∫ 1
0
(
f ′(t)
σ(S0ef(t))
)2
dt(145)
=
1
2
∫ f1
0
1
f ′(t)
(
f ′(t)
σ(S0ef(t))
)2
df
=
√
−λ
2
∫ f1
0
1
Σ(y)
√
ef1 − eydy ≡
√
−λ
2
G(−)(f1) ,
where we used in the second line the relation (139) to eliminate f ′(t) in the numerator
and denominator.
We need a second equation for (λ, f1) in order to be able to eliminate λ. This is obtained
by writing
1 =
∫ 1
0
dt =
∫ f1
0
1
f ′(t)
df(146)
=
1√−2λ
∫ f1
0
1
Σ(y)
1√
ef1 − ey dy ≡
1√−2λF
(−)(f1) .
Eliminating λ between these equations we get the result (140).
Case 2. K < S0. We will show that the rate function is
(147) I(K,S0) = 1
2
F (+)(h1)G
(+)(h1),
where h1 = −f(1) > 0 is given by the solution of the equation
(148)
K
S0
− e−h1 = G
(+)(h1)
F (+)(h1)
,
with
G(+)(h1) =
∫ h1
0
1
Σ(−y)
√
e−y − e−h1dy,(149)
F (+)(h1) =
∫ h1
0
1
Σ(−y)
1√
e−y − e−h1 dy .(150)
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Proof. The proof follows the same approach as in the previous case, using the relation
(139) to eliminate f ′(t). The rate function is
I(K,S0) = 1
2
∫ 1
0
(
f ′(t)
σ(S0ef(t))
)2
dt(151)
=
1
2
∫ f1
0
1
f ′(t)
(
f ′(t)
σ(S0ef(t))
)2
df
= −
√
λ
2
∫ f1
0
1
Σ(y)
√
ey − ef1dy
=
√
λ
2
∫ h1
0
1
Σ(−y)
√
e−y − e−h1dy
≡
√
λ
2
G(+)(h1) .
A second equation is derived in a similar way to (146) and reads
1 =
∫ 1
0
dt =
∫ f1
0
1
f ′(t)
df = − 1√
2λ
∫ f1
0
1
Σ(y)
1√
ey − ef1 dy(152)
=
1√
2λ
∫ h1
0
1
Σ(−y)
1√
e−y − e−h1 dy ≡
1√
2λ
F (+)(h1) .
Eliminating λ between these equations we get the result (147). Equation (148) follows
from (137) by writing
I(K,S0) = λ
(
K
S0
− e−h1
)
=
1
2
F (+)(h1)G
(+)(h1) ,(153)
and using λ = 12(F
(+)(h1))
2. 
Proof of Proposition 9. (i) K > S0. The condition for the minimum of the function in
(26) is
(154)
d
dϕ
(G(−)(ϕ))2
ϕ− KS0
= 2G(−)(ϕ)1
2
F (−)(ϕ) 1
ϕ− KS0
− (G(−)(ϕ))2 1
(ϕ− KS0 )2
= 0 ,
where we introduced
(155)
d
dϕ
G(−)(ϕ) = 1
2
F (−)(ϕ) ,
with
(156) F (−)(ϕ) =
∫ ϕ
1
1
zσ(S0z)
1√
ϕ− z dz , ϕ ≥ 1 .
The equation (154) gives the value ϕ1 at which the function has an extremal value
(157) ϕ1 − K
S0
=
G(−)(ϕ1)
F (−)(ϕ1)
.
This is identical to equation (23), with the identification ϕ1 = e
f1 , and G(−)(ϕ1) =
G(−)(f1), F (−)(ϕ1) = F (−)(f1).
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Substituting the equation (157) into (26) we obtain the rate function
(158) I(K,S0) = 1
2
G(−)(ϕ1)F (−)(ϕ1) .
This agrees with the result (19) for the rate function for K ≥ S0.
(ii) K < S0. The condition for the extremum of the function in (28) reads
(159)
K
S0
− χ1 = G
(+)(χ1)
F (+)(χ1)
,
where we defined
(160)
d
dχ
G(+)(χ) = −1
2
F (+)(χ) ,
with
(161) F (+)(χ) =
∫ 1
χ
1
zσ(S0z)
1√
z − χdz , 0 < χ ≤ 1 .
The equation (159) is the same as the equation (20), with the identification χ1 = e
−h1 ,
and G(+)(χ1) = G(+)(h1), F (+)(χ1) = F (+)(h1). Substituting this equation into (28) we
obtain the rate function as
(162) I(K,S0) = 1
2
G(+)(χ1)F (+)(χ1) ,
which agrees with the result in (19) for K ≤ S0. 
Proof of Proposition 11. The proof is based on Lemma 30 and Lemma 31.
i) K > S0. We will use the representation (26) to show that the rate function I(K,S0)
is a monotonically increasing function of K for K > S0. First we prove that the function
(G(−)(ϕ))2 satisfies the technical conditions required for f(x) appearing in Lemma 30: it
is positive and increasing for ϕ > 1, and has superlinear growth in ϕ as ϕ → ∞. The
positivity condition follows from the definition, and the increasing property follows from
the positivity of the integral F (−)(ϕ) defined by (156).
We prove next the superlinear growth condition as ϕ→∞. In the Black-Scholes model
the function G(−)(ϕ) can be computed exactly and is given by
(163) G(−)BS (ϕ) =
1
σ
∫ ϕ
1
1
z
√
ϕ− zdz = 2
σ
(√
ϕarctanh
(√
ϕ− 1
ϕ
)
−
√
ϕ− 1
)
.
For ϕ→∞ this has the asymptotic expression
(164) G(−)BS (ϕ) =
1
σ
(
√
ϕ log(4ϕ)− 2√ϕ+O(1)) , ϕ→∞.
We used here the asymptotic expansion of the arctanh function of large argument
(165) arctanh(1− x) = −1
2
log(x/2) +O(1) , x→ 0+.
The asymptotic expansion (164) shows that (G(−)BS (ϕ))2 grows faster than linear as ϕ→∞.
This ensures the existence of a finite solution x∗ to the equation (173) in the BS model.
These results hold also in the general local volatility model with local volatility function
σ(S) ≤ σ bounded from above, as this implies a lower bound on the function (G(−)(ϕ))2
which has the same growth properties as ϕ→∞ as those obtained above in the BS model.
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ii) K < S0. Using the representation (28) for the rate function, we have from Lemma 31
that I(K,S0) is a decreasing function of K for 0 < K < S0. The function (G(+)(χ))2 sat-
isfies the technical conditions for f(x) in Lemma 31: positivity follows from its definition,
and the decreasing property for 0 < χ < 1, follows from the positivity of the integral
F (+)(χ) defined in (161).
The applicability of Lemma 31 requires also that the infimum in (161) is not reached
at the lower boundary. We start by considering first the Black-Scholes model, where the
function G(+)(χ) can be computed exactly and is given by
(166) G(+)BS (χ) =
1
σ
∫ 1
χ
1
z
√
z − χdz = 2
σ
(√
1− χ−√χarctan
(√
1
χ
− 1
))
.
The function F (+)BS (χ) is given by
(167) F (+)BS (χ) = −2
d
dχ
G(+)BS (χ) =
2
σ
√
χ
arctan
√
1
χ
− 1 .
This has the asymptotic expression as χ→ 0
(168) F (+)BS (χ) =
pi
σ
√
χ
+O(1) , χ→ 0 .
Thus we have
(169) lim
χ→0
d
dχ
(G(+)BS (χ))2 = −∞,
where we used limχ→0 G(+)BS (χ) = 2σ <∞.
This implies that the function (G(+)BS (χ))2 satisfies the conditions (182) required for f(x)
in Lemma 31, which are sufficient to ensure that the infimum is not reached at the lower
boundary a. We conclude that the statement of Lemma 31 applies to the BS model.
These results hold also in the general local volatility model with local volatility function
σ ≤ σ(S) ≤ σ bounded from below and above. The upper bound on σ(S) implies a lower
bound for F (+)(χ), and the lower bound on σ(S) implies an upper bound for G(+)(0).
Taken together these conditions ensure that the result (169) holds also for the general
local volatility model.

Lemma 30. Let f(x) be a positive and increasing function f(x) > 0, f ′(x) > 0, and define
(170) F (z) = inf
x>z
(
f(x)
x− z
)
.
Furthermore, assume that f(x) grows faster than x as x → ∞. Then F (z) is a positive
and increasing function
(171) F (z) > 0 , F ′(z) > 0 .
Proof. The condition for the extremum of the function appearing in the definition of F (z)
is
(172)
f ′(x)
x− z −
f(x)
(x− z)2 = 0 .
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Denote the solution of this equation x∗. This is given explicitly as
(173) x∗ − z = f(x∗)
f ′(x∗)
.
This equation will have a solution for z < x∗ < ∞ if f(x) grows faster than linear as
x→∞. This ensures that the infimum in (170) is not reached at x→∞.
Substituting into (170) we get
(174) F (z) = f ′(x∗) > 0 ,
where we used f ′(x∗) > 0. In order to prove the F ′(z) > 0 property, we compute the
derivative with respect to z
(175) F ′(z) = f ′′(x∗)
dx∗
dz
= f ′′(x∗)
(f ′(x∗))2
f ′′(x∗)f(x∗)
> 0 .
The second equality is obtained by taking a derivative of (173) with respect to z
dx∗
dz
− 1 = d
dz
f(x∗)
f ′(x∗)
=
d
dx
(
f(x∗)
f ′(x∗)
)
dx∗
dz
(176)
=
(f ′(x∗))2 − f(x∗)f ′′(x∗)
(f ′(x∗))2
dx∗
dz
which gives
(177)
dx∗
dz
=
(f ′(x∗))2
f ′′(x∗)f(x∗)
.
The inequality (175) proves that F (z) is a monotonically increasing function.
Note that we do not need a convexity condition on f(x) to obtain the monotonicity of
F (z). If f ′′(x) > 0 then we get additionally that dx∗dz > 0, but this is not required for the
monotonicity of F (z). 
Lemma 31. Let f(x) : [a, b]→ R be a positive and decreasing function f(x) > 0, f ′(x) <
0, and define
(178) F (z) = inf
x<z
(
f(x)
z − x
)
.
Assuming that the infimum is not achieved on the boundary at x = a, then F (z) is a
positive and decreasing function
(179) F (z) > 0 , F ′(z) < 0 , a < z ≤ b .
Proof. The condition for the extremum of the function appearing in the definition of F (z)
is
(180)
f ′(x)
z − x +
f(x)
(z − x)2 = 0 .
Denote the solution of this equation x∗. This is given explicitly as
(181) x∗ − z = f(x∗)
f ′(x∗)
.
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We will assume that this equation has a solution for a < x∗ < z. One possible way to
ensure that the infimum is not reached at a is to require
(182) lim
x→a f(x) <∞ , limx→a f
′(x) = −∞ .
Substituting into (178) we get
(183) F (z) = −f ′(x∗)
Let us prove the F ′(z) < 0 property. We have
(184) F ′(z) = −f ′′(x∗)dx∗
dz
= −f ′′(x∗) (f
′(x∗))2
f ′′(x∗)f(x∗)
< 0 .
The second equality is obtained by taking a derivative of (181) with respect to z, which
gives the same result as in the proof of Lemma 30
(185)
dx∗
dz
=
(f ′(x∗))2
f ′′(x∗)f(x∗)
.
The inequality (184) proves that F (z) is a monotonically decreasing function. 
Proof of Proposition 12. The variational problem in Proposition 8 simplifies for the case
of a constant local volatility function σ(S) = σ, corresponding to the Black-Scholes model.
The rate function is given by
(186) JBS(K/S0) = σ2IBS(K,S0) = 1
2
∫ 1
0
[f ′(t)]2dt,
where f(t) is the solution of the Euler-Lagrange equation (the constant a is related as
a = λσ2 to the Lagrage multiplier appearing in the proof of Proposition 8)
(187) f ′′(t) = aef(t),
with boundary conditions
(188) f(0) = 0 , f ′(1) = 0 .
The unknown constant a is determined by the condition
(189)
∫ 1
0
dtef(t) =
K
S0
.
The solution of the differential equation (187) can be found exactly. Two independent
solutions of this equation are
f1(x) = βx− 2 log
(
eβx + γ
1 + γ
)
,(190)
f2(x) = −2 log |cos(ξx+ η)|+ 2 log |cos η| .(191)
The solution f1(x) of the equation (187) was given in [33], where the same equation appears
in the context of an optimal importance sampling problem for Asian options in continuous
time in the Black-Scholes model.
The parameters in these functions are determined by the boundary conditions (188),
and by requiring that the functions satisfy the Euler-Lagrange equation (187).
It is easy to check, by direct substitution of (190), (191) into (187), that these functions
are solutions of the Euler-Lagrange equation. The boundary condition at x = 0 is satisfied
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automatically. Matching the constant factor in the Euler-Lagrange equation and requiring
that also the boundary condition at x = 1 is satisfied, gives the following constraints.
For f1(x) we have the equations
2γβ2 = −a(1 + γ)2,(192)
γ = eβ ,(193)
which determine a, γ in terms of β.
For f2(x) we have
2ξ2 = a cos2 |η|,(194)
2ξ tan |ξ + η| = 0,(195)
which give η = −ξ+kpi with k ∈ Z, and determine a in terms of ξ. The multiple solutions
for η give the same solution f2(x) as we have cos(ξ(x− 1) + kpi) = (−1)k cos(ξ(x− 1)).
The constants ξ, β can be determined from the constraint (189). For the solution (190),
this is
(196)
∫ 1
0
ef1(x)dx =
1 + γ
eβ + γ
eβ − 1
β
=
1
β
sinhβ =
K
S0
,
which reproduces (32). This is an equation for β which has solutions only for K > S0.
For the solution (191) we obtain
(197)
∫ 1
0
ef2(x)dx =
∫ 1
0
cos2 ξ
cos2(ξ(x− 1))dx =
1
ξ
cos2 ξ tan ξ =
K
S0
, 0 ≤ ξ < pi
2
.
For |ξ| ≥ pi2 the integral is divergent. This reproduces (33), and gives an equation for ξ
which has solutions only for K < S0. The solution must satisfy ξ ∈ (−pi2 , pi2 ). Note that
if ξ∗ is a solution to (33) in (0, pi2 ), then −ξ∗ ∈ (−pi2 , 0) is also a solution to (33) which
yields the same value of J (K/S0). Therefore, without loss of generality, we can assume
that ξ ∈ (0, pi2 ) which has a unique solution to (33).
In conclusion, the solution of the Euler-Lagrange equation (187) with the boundary
conditions (188) and constraint (189) is
(198) f(x) =
βx− 2 log
(
eβx+eβ
1+eβ
)
K ≥ S0
log
(
cos2 ξ
cos2(ξ(x−1))
)
K ≤ S0
,
where β and ξ are the solutions of the equations (32) and (33), respectively.
Finally, the rate function JBS(K/S0) is found by substituting the solution (198) for
f(x) into the equation (186) and performing the integration. This reproduces the result
(31), which concludes the proof of Proposition 12. 
Proof of Proposition 13. (1) K ≥ S0. For K/S0 → ∞, the solution of the equation (32)
approaches β →∞. This suggests writing this equation as
(199) eβ = (2β)
K
S0
1
1− e−2β ,
or
(200) β = x+ log(2β)− log(1− e−2β) = x+ log(2β) +O(e−2β),
SHORT MATURITY ASIAN OPTIONS 33
with x = log(K/S0). This implies that β = x+ O(log x) as x → ∞, and we can improve
this estimate by iteration of (200), starting with the first order approximation
(201) β(0) = x+ o(x).
By substitution into (200) we get the successive iterations
β(1) = x+ log(2x) +O(e−2x),(202)
β(2) = x+ log(2x) + log[2(x+ log(2x))] +O(e−2x)(203)
= x+ log(2x) + log(2x) + log
(
1 +
log(2x)
x
)
+O(e−2x)
= x+ 2 log(2x) +
log(2x)
x
+O(x−2) .
The asymptotic expansion of the rate function is obtained by substituting into (31), and
expanding to the order shown. This gives the result (36).
(2) K ≤ S0. The parameter ξ is obtained by solving the equation (33). It is clear that
as K/S0 → 0, we have ξ → pi/2.
It is convenient to introduce ζ defined as ξ = pi2 − ζ with ζ → 0 in the K/S0 → 0 limit.
This is given by the solution of the equation
(204) sin(2ζ) =
K
S0
(pi − 2ζ) .
This equation can be solved again by iteration starting with ζ(0) = 0.
The first two iterations are
ζ(1) =
pi
2
K
S0
,(205)
ζ(2) =
pi
2
K
S0
(
1− K
S0
)
+O((K/S0)
3) .(206)
Finally, substituting into (31) we obtain (36). 
Proof of Proposition 14. We present the proof on the case K ≥ S0, the case K < S0 is
treated in a similar way, and leads to the same final result (37).
For given log-strike x = log(K/S0) ≥ 0, one has to find f1 by solving the equation
(23), and the rate function is obtained by substituting this value for f1 into (19). We note
that as x ↓ 0, we have f1 ↓ 0. Therefore it is reasonable to look for a solution for f1 by
expanding in x around the ATM point x = 0.
It is convenient to introduce the auxiliary variable z1 such that f1 = Y (z1), with
Y (z) := Z−1(z) the inverse of the function Z(y) =
∫ y
0
dw
σ(S0ew)
. From the definition it is
clear that for x small, z1 is also small, and they both go to zero simultaneously. The
rationale of introducing z1 is to absorb the dependence on σ(S) in F
(−)(f1), G(−)(f1) into
a change of the integration variable.
The strategy of the proof will be:
Step 1. Express the equation (23) for f1 as an equation for z1, expanded to a given
order in z1.
Step 2. Invert the expansion obtained in Step 1 and derive an expansion for z1 in powers
of the log-strike x to a given order.
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Step 3. Express the result (19) for the rate function I(K,S0) for K ≥ S0 as a series in
z1. Further, use here the expansion for z1 in powers of x obtained in Step 2.
Step 1. We start by deriving the expansion of the functions G(−)(f1) and F (−)(f1)
in powers of z1 = Z(f1). First we absorb the dependence on the local volatility function
σ(S) in the definitions of these functions into a new integration variable z defined such
that dz = dy/σ(S0e
y). This gives
G(−)(f1) =
∫ f1
0
1
σ(S0ey)
√
ef1 − eydy =
∫ z1
0
√
eY (z1) − eY (z)dz ,(207)
F (−)(f1) =
∫ f1
0
1
σ(S0ey)
1√
ef1 − ey dy =
∫ z1
0
dz√
eY (z1) − eY (z)
,(208)
where Y (z) is the inverse of the function Z(y) =
∫ y
0
dw
σ(S0ew)
, and z1 = Z(f1).
Substituting the Taylor series of Y (z) in (38), expanding in z, z1 to a given order, and
evaluating the integrals, we get
G(−)(f1) =
√
b1z
3/2
1
(
2
3
+
7
30b1
(b21 + 2b2)z1(209)
+
1
1680b21
(81b41 + 628b
2
1b2 − 284b22 + 912b1b3)z21 +O(z31)
)
,
F (−)(f1) =
1√
b1
√
z1
(
2− 5
6b1
(b21 + 2b2)z1(210)
+
1
240b21
(41b41 − 12b21b2 + 516b22 − 528b1b3)z21 +O(z31)
)
.
Next we express the equation (23) giving f1 in terms of the log-strike x = log(K/S0),
as an expansion in z1. This is
(211) x = log
(
ef1 − G
(−)(f1)
F (−)(f1)
)
,
Recalling that f1 = Y (z1) = b1z1 +b2z
2
1 + · · · , we obtain by substitution on the right-hand
side and Taylor expansion in powers of z1
x = log
(
eY (z1) − G
(−)(f1)
F (−)(f1)
)
(212)
=
2
3
b1z1 +
1
45
(b21 + 22b2)z
2
1
+
1
2835b1
(b41 + 150b
2
1b2 + 48b
2
2 + 1026b1b3)z
3
1 +O(z
4
1) .
Step 2. Next we invert the series (212) to get z1 as an expansion in x
z1 =
3
2b1
x+
(
− 3
40b1
− 33b2
20b31
)
x2(213)
+
1
1400b51
(8b41 + 87b
2
1b2 + 4962b
2
2 − 2565b1b3)x3 +O(x4) .
SHORT MATURITY ASIAN OPTIONS 35
Step 3. Finally, we insert this expansion into the expression for the rate function (19),
which gives the expansion of the rate function in powers of x
I(K,S0) = 1
2
F (−)(f1)G(−)(f1) =
3
2b21
x2 − 3
10b41
(b21 + 12b2)x
3(214)
+
1
1400b61
(109b41 + 936b
2
1b2 + 14976b
2
2 − 6480b1b3)x4 +O(x5) .
This reproduces the result (37). 
Proposition 32. For any fixed K,S0, T , the price of an Asian option in the Black-Scholes
model approaches the following value in the infinite volatility limit
lim
σ→∞CBS(K,S0, σ, T ) = e
−rT 1
T
∫ T
0
S0e
(r−q)tdt.
Proof. For any  > 0,∣∣∣∣∣CBS(K,S0, σ, T )− e−rTE
[(
1
T
∫ T

S0e
(r−q)t+σWt− 12σ2tdt−K
)+]∣∣∣∣∣
≤ e−rTE
[
1
T
∫ 
0
S0e
(r−q)t+σWt− 12σ2tdt
]
= e−rT
1
T
∫ 
0
S0e
(r−q)tdt,
where the last term is independent of σ and it goes to 0 as  → 0. On the other hand,
for almost every sample path, the Brownian motion Wt is continuous in t and therefore
sup0≤t≤T Wt <∞. It follows that
1
T
∫ T

S0e
(r−q)t+σWt− 12σ2tdt ≤ eσ sup0≤t≤T Wt− 12σ2 1
T
∫ T

S0e
(r−q)tdt→ 0,
a.s. as σ →∞. By bounded convergence theorem,
lim
σ→∞E
[(
K − 1
T
∫ T

S0e
(r−q)t+σWt− 12σ2tdt
)+]
= K.
¿From put-call parity (Remark 1),
lim
σ→∞E
[(
1
T
∫ T

S0e
(r−q)t+σWt− 12σ2tdt−K
)+]
=
1
T
∫ T

S0e
(r−q)tdt.
Finally, we let → 0 to complete the proof. 
Proof of Proposition 17. (i) For the Black-Scholes model with r = q = 0, the stock price
follows a geometric Brownian motion, i.e., St = S0e
σWt− 12σ2t. The price of the Asian call
option in the Black-Scholes model is
C
(BS)
A (S0,K, σ, T ) = E
[(
S0
∫ 1
0
eσWtT−
1
2
σ2tTdt−K
)+]
.
¿From the Brownian scaling property,
C
(BS)
A (S0,K, σ, T ) = E
[(
S0
∫ 1
0
eσ
√
T (WtT /
√
T )− 1
2
(σ2T )tdt−K
)+]
:= C˜
(BS)
A (S0,K, σ
2T )
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can be viewed as a function of σ2T . Moreover the result in Carr et al. [6] implies that
C˜
(BS)
A (S0,K, σ
2T ) is increasing as a function of σ2T .
Consider first an out-of-the-money Asian call option K > S0 in the local volatil-
ity model (1) and denote its price CA(S0,K, T ). We have C˜
(BS)
A (S0,K, 0) = 0 and
C˜
(BS)
A (S0,K, σ
2T ) > 0 for any σ2T > 0. We have CA(S0,K, T ) = C˜
(BS)
A (S0,K, σ
2
impliedT )→
0 as T → 0. Therefore, limT→0 σ2implied(S0,K, T )T = 0. Hence, by Theorem 2 and Propo-
sition 12,
lim
T→0
(σ2implied(S0,K, T )T ) log C˜
(BS)
A (S0,K, σ
2
implied(S0,K, T )T ) = −JBS(K/S0) ,
lim
T→0
T logCA(S0,K, T ) = −I(K,S0).
This implies that
lim
T→0
σ2implied(S0,K, T ) = lim
T→0
σ2implied(S0,K, T )T log C˜
(BS)
A (S0,K, σ
2
implied(S0,K, T )T )
T logCA(S0,K, T )
=
JBS(K/S0)
I(K,S0) .
The same result is obtained for an out-of-the-money Asian put option K < S0. The
argument follows through in a completely analogous way.
(ii) Next, let us consider the at-the-money Asian call option. ¿From Theorem 6, we have
limT→0 1√T CA(K,S0, T ) =
1√
6pi
σ(S0)S0. Notice that C˜
(BS)
A (K,S0, σ
2
implied(K,S0, T )T ) =
CA(K,S0, T ) and C
(BS)
A (K,S0, σ, T ) = C˜
(BS)
A (K,S0, σ
2T ) can be viewed as a function of
σ2T . Thus, limT→0
C˜
(BS)
A (K,S0,σ
2
implied(K,S0,T )T )√
6pi
√
Tσimplied(K,S0,T )
= S0. Therefore, limT→0 σimplied(K,S0, T ) =
σ(S0). The same result is obtained for an at-the-money Asian put option. 
Proof of Proposition 18. (i) Notice that when r = q = 0, A(T ) = S0 and thanks to the
Brownian scaling property, the price of an European option in the Black-Scholes model
C˜
(BS)
E (K,S0, σ
2T ) := E
[(
S0e
σWT− 12σ2T −K
)+]
can be viewed as a function of σ2T . This
is a strictly increasing function of this argument. We have by definition of the equivalent
log-normal volatility CA(S0,K, T ) = C˜
(BS)
E (S0,K,Σ
2
LNT ) where CA(S0,K, T ) denotes the
price of an Asian call option in the local volatility model (1).
We proceed analogously to the proof of Proposition 17. Consider first an out-of-the-
money Asian call optionK > S0, for which we have CA(S0,K, T ) = C˜
(BS)
E (S0,K,Σ
2
LNT )→
0 as T → 0. Therefore, limT→0 Σ2LN(S0,K, T )T = 0. Hence,
lim
T→0
(Σ2LN(S0,K, T )T ) log C˜
(BS)
E (S0,K,Σ
2
LN(S0,K, T )T ) = −
1
2
log2(K/S0) ,
lim
T→0
T logCA(S0,K, T ) = −I(K,S0).
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This implies that
lim
T→0
Σ2LN(S0,K, T ) = lim
T→0
Σ2LN(S0,K, T )T log C˜
(BS)
E (S0,K,Σ
2
LN(S0,K, T )T )
T logCA(S0,K, T )
=
log2(K/S0)
2I(K,S0) .
The same result is obtained for an out-of-the-money Asian put option K < S0.
The corresponding result for the equivalent normal volatility of the Asian option fol-
lows from the short maturity relation between the Black-Scholes and Bachelier implied
volatilities, see for example Corollary 2 in [34].
(ii) We use again the fact that the price of an European option in the Black-Scholes
model depends only on σ
√
T and denote it as before C˜
(BS)
E (K,S0, σ
2T ). For at-the-money
case S0 = K, we have limT→0
C˜
(BS)
E (K,S0,σ
2T )
σ
√
2pi
√
T
= S0. Therefore, we have
(215) lim
T→0
ΣLN(K,S0, T ) = lim
T→0
CA(K,S0,T )√
T
C˜
(BS)
E (K,S0,Σ
2
LN(K,S0,T )T )
ΣLN(K,S0,T )
√
T
=
1√
6pi
σ(S0)S0
1√
2pi
S0
=
1√
3
σ(S0).
For the Bachelier model with K = S0, E[(S0 + σWT −K)+] only depends on σ
√
T , and
limT→0 1σ√T E[(S0 + σWT −K)+] =
1√
2pi
. Therefore,
(216) lim
T→0
ΣN(K,S0, T ) = lim
T→0
CA(K,S0,T )√
T
E[(S0+ΣN(K,S0,T )WT−K)+]
ΣN(K,S0,T )
√
T
=
1√
6pi
σ(S0)S0
1√
2pi
=
1√
3
σ(S0)S0.
We note that these results can also be extracted from Theorem 5.1 of [43]. 
6.4. Proofs of the Results in Section 5.
Proof of Proposition 21. (i) By an argument similar to that used in the proof of Theorem
2,
(217) lim
T→0
T logCf (T ) = lim
T→0
T logP
(
κST ≥
∫ 1
0
StTdt
)
.
Then, the result follows from the sample path large deviation of P(St· ∈ ·) on L∞[0, 1] and
the contraction principle. The asymptotic results for P (T ) follows from put-call parity.
(ii) Similar to (i).
(iii) Following the same arguments as in the proof of Theorem 6, we can show that for
κ = 1, we have
Claim 1. As T → 0,∣∣∣∣∣E
[(
e(r−q)TXT − 1
T
∫ T
0
e(r−q)tXtdt
)+]
− E
[(
XT − 1
T
∫ T
0
Xtdt
)+]∣∣∣∣∣ = O(T ).
Claim 2. As T → 0,
E
[
max
0≤t≤T
|Xt − Xˆt|
]
= O(T ).
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Claim 3. As T → 0,∣∣∣∣∣E
[(
XT − 1
T
∫ T
0
Xtdt
)+]
− E
[(
XˆT − 1
T
∫ T
0
Xˆtdt
)+]∣∣∣∣∣ = O(T ).
And Claim 1, Claim 2 and Claim 3 imply that for κ = 1,
(218)
∣∣∣∣∣Cf (T )− E
[(
κXˆT − 1
T
∫ T
0
Xˆtdt
)+]∣∣∣∣∣ = O(T ),
as T → 0, where we recall that Xˆt = S0 + σ(S0)S0Wt. Since κ = 1, κXˆT − 1T
∫ T
0 Xˆtdt is a
Gaussian random variable with mean zero and variance
E
[(
XˆT − 1
T
∫ T
0
Xˆtdt
)2]
(219)
= σ(S0)
2S20E
[(
WT − 1
T
∫ T
0
Wtdt
)2]
= σ(S0)
2S20
[
E[W 2T ] +
1
T 2
E
[(∫ T
0
Wtdt
)2]
− 2
T
∫ T
0
E[WTWt]dt
]
= σ(S0)
2S20
[
T +
T
3
− 2
T
T 2
2
]
= σ(S0)
2S20
T
3
.
Hence, we proved the desired result for Cf (T ). The result for Pf (T ) is similar. 
Proof of Proposition 22. Define a new optimizer function g(t) = f(t) + logS0, satisfying
the boundary condition f(0) = 0 and the constraint
∫ 1
0 dte
f(t) = κef(1). Proceeding in a
similar fashion as in the proof of Proposition 8, the constraint is taken into account by
introducing a Lagrange multiplier λ and considering the variational problem associated
with the auxiliary functional
(220) Λ[f ] =
1
2
∫ 1
0
(
f ′(t)
σ(S0ef(t))
)2
dt+ λ
(∫ 1
0
ef(t)dt− κef(1)
)
.
By Lemma 28 the solutions of this variational problem satisfy the Euler-Lagrange equation
(73) and the transversality condition (75) at t = 1.
To prove (72) we note that from Lemma 29 we have
(221)
1
2
(
f ′(t)
σ(S0ef(t))
)2
− λef(t) = 1
2
λ2κ2e2f(1)σ2(S0e
f(1))− λef(1) .
We substituted on the right hand side the transversality condition (75). Integrating this
relation over t : (0, 1) gives the result (72).
Finally, we can eliminate λ with the help of the relation (74). This is obtained by
comparing two alternative expressions for f ′(0). First, by integrating the Euler-Lagrange
equation (73) over t : (0, 1) gives
(222)
f ′(0)
σ(S0)
= λ
{
κef(1)σ(S0e
f(1))− Is[f ]
}
An alternative relation is obtained by taking t = 0 in (221). Eliminating f ′(0) among
these two equations gives (74). 
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Proof of Proposition 23. The rate function for short-maturity asymptotics of floating strike
Asian options in the Black-Scholes model is given by the variational problem
(223) If (κ) = inf
f
1
2σ2
∫ 1
0
[f ′(t)]2dt,
where f(0) = 0, f ∈ AC[0, 1] and subject to the constraint
(224)
∫ 1
0
ef(t)dt = κef(1) .
This can be solved by introducing a Lagrange multiplier λ and considering the auxiliary
variational problem
(225) Λ[f ] =
1
2σ2
∫ 1
0
[f ′(t)]2dt+ λ
(∫ 1
0
ef(t)dt− κef(1)
)
,
over all functions satisfying f(0) = 0.
The solution of the variational problem (225) satisfies the Euler-Lagrange equation
(226) f ′′(t) = λσ2ef(t),
which must be solved with the boundary conditions
(BC1) : f(0) = 0,
(BC2) : f ′(1) = λσ2κef(1),
(BC3) : f ′(0) = 0 .
The boundary condition (BC2) is a transversality condition. The condition (BC3) is
new, and follows from the relation of the variational problem for Λ[f ] to an equivalent
variational problem which is obtained by defining a new function h as
(227) f(t) = h(1− t) + f(1) .
Expressed in terms of h, the rate function If (κ) is given by
(228) If (κ) = inf
h
1
2σ2
∫ 1
0
[h′(t)]2dt
where h(0) = 0, h ∈ AC[0, 1] and it is subject to the constraint
(229)
∫ 1
0
eh(t)dt = κ .
This is identical to the variational problem for the rate function I(κS0, S0) for fixed strike
Asian options (122), in the limit of constant volatility σ(S) = σ. The solution of this
variational problem is presented in Proposition 12, and is expressed in terms of the Black-
Scholes rate function JBS(κ) as shown in (76).
For completeness, we give a complete solution of the variational problem (228), and
along the way prove the additional boundary condition (BC3). Introducing again a La-
grange multiplier η, the variational problem (228) can be transformed into an uncon-
strained optimization of the functional
(230) Ξ[h] =
1
2σ2
∫ 1
0
[h′(t)]2dt+ η
(∫ 1
0
eh(t)dt− κ
)
,
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over all functions satisfying h(0) = 0. The solution of this variational problem satisfies
the Euler-Lagrange equation
(231) h′′(t) = ησ2eh(t),
with the boundary conditions
(232) h(0) = 0 , h′(1) = 0 .
The second boundary condition is a transversality condition.
However, f and h are related, so the Euler-Lagrange equations and boundary conditions
for h must imply also equivalent conditions on f . Comparing the Euler-Lagrange equations
for f and h gives
(233) η = λef(1) = λe−h(1) .
Using f ′(t) = −h′(1− t), the transversality condition h′(1) = 0 gives
(234) f ′(0) = −h′(1) = 0 .
This proves the boundary condition (BC3) on f ′(0) quoted above.
Using the additional boundary condition (BC3), it is possible to give a simple expression
for the Lagrange multiplier λ
(235) λ =
2
σ2κ2
ef(1) − 1
e2f(1)
.
This follows from the conservation of the quantity
(236)
1
2σ2
[f ′(t)]2 − λσ2ef(t).
This gives
(237) − λσ2 = 1
2
λ2σ2κ2e2f(1) − λσ2ef(1),
where we used f ′(0) and the boundary condition (BC2) at t = 1. This concludes the proof
of the relation (235).
The solution for h(1) can be found explicitly as shown in the proof of Proposition 12.
This is given in equation (198), from which we find
(238) eh(1) =
{
cosh2(12β) κ > 1,
cos2 λ κ < 1,
with β, λ the solutions of the equations (32) and (33), respectively (with the substitutions
K/S0 7→ κ). 
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